A unital C * -algebra A is weakly central if and only if for every x ∈ A there exists a sequence of elementary unital completely positive maps α n on A such that the sequence (α n (x)) converges to a central element.
Introduction and the main result
A unital C * -algebra A has the Dixmier property if for each x ∈ A the closure of the convex hull of the unitary orbit of x intersects the center of A. The class of such algebras includes all von Neumann algebras (see [6] , [11, 8.3.5] ; see also e.g. [9, 15, 16] for more on this and related questions) and several important examples of simple C * -algebras (see e.g. [3] and [5, VII.7.4] ). However, in a general C * -algebra A, the existence of too many traces may be an obstruction to the Dixmier property: if A is simple and unital, then by [8] A has the Dixmier property if and only if A has at most one tracial state. In this note we shall show how to circumvent this multiple trace obstruction, by considering slightly more general maps than just the convex combinations of unitary similarities, to get a Dixmier type theorem valid for a class of C * -algebras as large as possible.
Throughout the paper A is a unital C * -algebra. An elementary unital completely positive map on A is a map of the form
where a i are fixed elements of A such that i=1 a * i a i = 1. (For characterizations of completely positive maps among general elementary operators we refer to [1, Section 5.2] .) The set of all such maps on A is denoted by EUCP(A). Clearly maps in EUCP(A) are contractive, preserve all ideals in A and the positive part A + of A, and act as the identity on the center Z of A. Moreover, EUCP(A) is a semigroup under composition of maps. By an ideal we shall mean a closed two-sided ideal. A unital C * -algebra A is called weakly central [14] if the map ζ : M → M ∩ Z from the space Max A of all maximal ideals of A to the spectrumŽ := Max Z of the center Z of A is injective. Examples include von Neumann algebras (and their quotients) [14] , [11, 8.6.16] , and unital C * -algebras with Hausdorff primitive spectrum (the latter are even central, a consequence of the Dauns-Hofmann theorem). In some situations the above theorem can be used for C * -algebras in the same way as the Dixmier theorem is used for von Neumann algebras. For example, it implies Vesterstrøm's [17] 
where J is any ideal of a weakly central C * -algebra A and Z(B) denotes the center of a C * -algebra B.
Corollary 1.2. If A is separable, unital and weakly central then there exists a conditional expectation
E from A onto the center Z of A such that E(J ) ⊆ J ∩ Z for each ideal J of A. Moreover (
if all Glimm ideals of A are primal) all conditional expectations from A to Z that preserve the ideals of A are in the point-norm closure of EUCP(A).
Proof. Choose a dense sequence (x k ) in A. By Theorem 1.1 there is a sequence of maps α n ∈ EUCP(A) such that for each k the sequence (α n (x k )) converges to an element z k ∈ Z. Since the sequence (α n ) is bounded and (x k ) is dense in A, it follows that for each x ∈ A the limit E(x) := lim n α n (x) exists in Z. This defines a conditional expectation E from A onto Z (that is, a positive idempotent map on A with the range Z), which preserve ideals of A.
Let E : A → Z be a conditional expectation that preserves all ideals of A. Since the range Z of E is nuclear,
If the CB norm of every elementary operator on A coincides with the Haagerup norm of the corresponding tensor in A ⊗ Z A (by [4] this is the case precisely when all Glimm ideals of A are primal), we may assume that for each k the two columns 
tends to 0, so that the net of maps φ k (x) := a * k xa k = i a * k,i xa k,i on A also converges pointwise to E. In particular
Proof of the theorem
In the easier direction the proof of Theorem 1.1 is essentially the same as Misonou's proof [14] that von Neumann algebras are weakly central, but let us nevertheless present the short argument for completeness. Assume for each x ∈ A the existence of maps α n ∈ EUCP(A) such that the sequence (α n (x)) converges to a central element. Suppose that M 1 and M 2 were different maximal ideals of A such that M 1 ∩ Z = M 2 ∩ Z. By maximality, 1 = a 1 + a 2 , where a i ∈ M i . By hypothesis there exist α n ∈ EUCP(A) and z 1 ∈ Z such that z 1 = lim n→∞ α n (a 1 ). Since α n (a 1 ) ∈ M 1 , we have that z 1 ∈ M 1 ∩ Z. Then the elements α n (a 2 ) = 1 − α n (a 1 ) converge to 1 − z 1 and, since α n (a 2 ) ∈ M 2 , it follows that 1 − z 1 ∈ M 2 ∩ Z. But now M 1 ∩ Z = M 2 ∩ Z contains both z 1 and 1 − z 1 , in contradiction with 1 / ∈ M 1 . For the proof of the reverse direction we shall need the following variant for maps in EUCP(A) of an argument from the proof of Dixmier's theorem [11, 8. The case n = 1 is just the hypothesis. Assuming (2.2) for some n and given x n+1 ∈ A, by hypothesis there exists β n+1 ∈ EUCP(A) and c n+1 ∈ Z such that β n+1 (β n . . . β 1 (x n+1 )) − c n+1 < ε. Since β n+1 is contractive and fixes elements of Z, we have that β n+1 β n . . . β 1 (x j ) − c j < ε also for all j = 1, . . . , n, which concludes the inductive step. To prove (2.1) we just put α = β n . . . β 1 . Given a sequence (x k ) in A, by applying what we have just proved, we can inductively find maps γ j ∈ EUCP(A) and elements c n,j ∈ Z such that
Assuming that for some n we already have γ j and c n,j for all j n, to find γ n+1 and c n+1,j (j = 1, . . . , n + 1), we apply the already proved part of the lemma to the subset {γ n . . . γ 1 (x j ): j = 1, . . . , n + 1} and ε = 2 −n−1 . Then for each fixed j the sequence (c n,j ) n j is Cauchy since
hence the limit z j := lim n→∞ c n,j exists, and z j ∈ Z. With α n := γ n . . . γ 1 ∈ EUCP(A), we have that lim n→∞ α n (x j ) = z j for each j . 2
Denote byǍ the primitive spectrum of A (see [5, 7] ) and for each x ∈ A and P ∈Ǎ let x(P ) be the coset of x in A(P ) := A/P .
Lemma 2.2. If A is weakly central, then for each x ∈
A and ε > 0 there exist α ∈ EUCP(A) and z ∈ Z such that α(x) − z < ε.
Proof. Using an argument from the proof of Lemma 2.1 we see that it is sufficient to consider the case when 0 x 1. We denote by W (x) the (algebraic) numerical range of x, which in our case (since x is normal) is equal to the (closed) convex hull of the spectrum of x. It suffices to show that there exists an element z ∈ Z such W (z(P )) ⊆ W (x(P )) for each primitive ideal P of A, for by [12, 4.1] this implies the existence of a map α ∈ EUCP(A) satisfying α(x) − z < ε. Note that each ideal P is contained in a maximal ideal M (since A is unital). 
